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1. Introduction 

Two dimensional theories present some especial features which can be the basis to 
understand some phenomena present in planar systems [1-3]. The most remarkable of 
these features for a quantum mechanical system is the possibility of excitations with exotic 
spin and statistics (anyons) associated to the muticonnectedness of the rotation group and 
the configuration space of identical particles respectively [4] . 

A dynamical realization of fractional spin-statistics based on the Aharanov-Bohm 
effect [5] relies on another crucial related peculiarity of two dimensional theories which is 
the possibility to have a gauge invariant first order topological action, the Chern-Simons 
(CS) action for a gauge field. At the level of quantum mechanics it is well understood how 
the coupling of a CS field to a bosonic or a fermionic system induces a change in spin and 
statistics both at the non-relativistic and relativistic level [6] . 

In the case of relativistic quantum field theory (RQFT) the formulation of anyons 
at the fundamental level is still an open problem [7]. A CS theory as a long distance 
limit of a topologically massive U(l) gauge theory with an scalar and/or fermion matter 
field has been studied [8]. Perturbative calculations as well as different approaches to the 
canonical quantization of the theory do not give a clear picture how anyons are generated 
in relativistic quantum field theory [9] . 

At present the main physical interest in anyon systems is through its possible con- 
nection with some effects in (almost) two dimensional Condensed Matter Physics systems, 
in particular the fractional quantum Hall effect and high temperature superconductivity. 
From this point of view it is interesting to extend to a non-relativistic field theory formu- 
lation the dynamical realization of anyon systems in quantum mechanics. In particular a 
formulation including an electromagnetic field is the natural candidate for an effective the- 
ory a la Ginzburg-Landau describing the macroscopic effects associated to the fractional 
quantum Hall effect and anyon superconductivity [10-14]. 

The introduction of the electromagnetic interaction of anyons requires new ideas com- 
pared with the case of bosons or fermions. In a previous work [15,16] the authors have 
considered this problem in the context of the CS formulation of anyons in quantum me- 
chanics. The aim of the present paper is to extend the formulation to non-relativistic 
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quantum field theory. 

The most direct approach corresponds to fix a non-relativistic lagrangian such that 
it reproduces all the results of the quantum mechanical formulation when restricted to 
the one particle sector. Another approach takes the gauge invariant renormalizable rel- 
ativistic quantum field theory formulation with a bosonic or fermionic field coupled to 
two gauge fields (statistical and electromagnetic) as starting point, and a non-relativistic 
approximation is considered. Both approaches are consistent and allow to identify the 
non-relativistic quantum field theory formulation of an anyons system in the presence of 
the electromagnetic field, which is the main result of this paper. 

The article is organized as follows: In section 2 we review the formulation of a quantum 
mechanical anyon system based on a spinless (bosonic) and a spin one half (fermionic) 
relativistic particle coupled to a CS and an electromagnetic field; section 3 contains a 
general discussion of a two field formulation, which is the natural starting point of a 
relativistic quantum field theory formulation, and which allows to understand how the 
U(l) gauge theory of a CS formulation of an anyon system is contained in this general 
framework. In section 4 we compare the quantum mechanical treatment and the associated 
non-relativistic quantum field theory lagrangian with previous atempts to formulate a 
quantum field theory of anyons . The results of a relativistic quantum field theory with 
two fields are compared with the quantum mechanical treatment, and a derivation of the 
non-relativistic lagrangian as a non-relativistic limit of a Dirac field coupled to two gauge 
fields is presented. In section 5 we give our conclusions and outlook. 

2. Chern-Simons (CS) Formulation of a Quantum Mechanical System in 
the Presence of an Electromagnetic Field 

The simplest construction of fractional spin and statistics is based on the introduction 
of a CS field coupled to a bosonic or fermionic system through a conserved current J M . 
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The action of the anyon system is 



Ian = Io + J <?XJ^X)A»(X) + d 3 X €^ p A» { X )d" A? (x) , (2.1) 

where I is the action of the original bosonic or fermionic system. The effect of the CS 
field can be made manifest by integrating over this field and the resulting effective action 
is [17-18] 

J e// = / -| J d 3 xd 3 y J^x)K^(x,y)J„(y), (2.2) 

where the kernel K^ u 

1 (x — y) 

_ £ M^P 

4vr \x-y\' 

is the inverse of the kinetic CS field operator e^ pv d p acting on a divergenceless vector 



K^{x,y)=-e^»- ^, (2.3) 

4vr \ x - y\ 



I 



d 3 ye^-^K™(x,y)V a (y) = V^x) + u (d.V)\ (2.4) 

The second term in (2.2) contains the long range interaction responsible of the change 
in statistics. The current J p can include a sum of terms if one is considering a system 
of several particles. Then one will have self interaction diagonal terms and off diagonal 
particle-particle interactions. The second type of terms allow to identify the statistics of 
the system. In the relativistic case it is possible to identify the spin induced by the coupling 
to the CS field through the contribution of the statistical term to the one particle action. 

If an electromagnetic field is also present then one can also consider a contribution to 
J M from the electromagnetic field, corresponding to a direct coupling of the statistical and 
the electromagnetic fields. 

2. a) Bosonic anyon. 

The simplest example of the previous general framework is based on a free spinless 
relativistic particle coupled to a CS field, which corresponds to an action [15-16] 

Io = to / dr\/lc 1 . (2.5) 



For the current J M one can consider the simplest choice 



j^x) = J drX^d^ix-Xir)), (2.6) 

which corresponds to a minimal coupling, but nothing prevents to add a magnetic coupling 
to the statistical field 

J^x)=Ux) +^^^(4 (2.7) 

where the coefficient fi st is the statistical magnetic moment. The effective action for the 
anyon system will be 



I eff =I Q - - J d 3 xd 3 y j^(x)K fl ' y (x,y)j l/ (y) 

- afx st J d 3 xj^x)f(x) - J d 3 xe^ u f{x)dPf{x). (2.8) 

The integral in the second term, which is the Gauss linking number of the trayectories 
of two particles when an off diagonal contribution is considered, leads to identify a as the 
statistical factor of the system. The magnetic term in the current (2.7) involves the kinetic 
operator of the CS field and then all the effect of the statistical magnetic coupling reduces 
to a local interaction between anyons (the last two terms in I e ff in (2.8) ). Although 
irrelevant for the spin-statistics analysis, the non-trivial local coupling induced by the 
statistical magnetic moment can have important consequences on the dynamics of an 
anyon system, as it has been discussed in the literature [19] . 

The CS formulation should be understood as a limit of the most general gauge invari- 
ant action [20], including a standard Maxwell kinetic term, i.e., a topologically massive 
gauge theory in the infinite mass limit. The topological mass M is identified as the relative 
coefficient of the Maxwell and CS terms in the gauge field action 



1(A) 



1 

27 
1 

2a 



d 3 xe lxvp A»{x)d v A p {x) - 



AMa 



d 3 xF^(A)F^(A) 



1 



d 3 xA^°d p \g uv - j^ tar]V d^A v . 



(2.9) 



At large distances (£ 3> jj) the CS kinetic term dominates and the CS formulation 
is recovered with power corrections in the inverse of the topological mass. Since the 
contribution to the kinetic operator from the Maxwell term involves once more the operator 
associated to the kernel K^ v , the same local terms induced by the statistical magnetic 
coupling are generated as a finite topological mass effect to order jt 



I%f=hff- ^ J d\j,{x)f{x)- ^»st 2 J d\f{x)[d,d„-g,„n]f{x) 

- ^st Jd s xe^r(x)d^(x) + 0(^). (2.10) 

The possibility to cancel the effects induced by a magnetic coupling and a topological 
mass, which corresponds to a relation between the statistical magnetic moment and the 
topological mass, fi st = — has been considered recently [21]. 

Once the quantum mechanical formulation of the anyon system has been fixed the next 
step is to introduce the electromagnetic interaction. The simplest possibility corresponds 
to consider the Maxwell action for the electromagnetic field together with the standard 
minimal coupling to the original spinless particle 

I = Ian + e J d 3 xj li (x)B»(x) + I M (B), (2.11) 

where 

I M (B) = ~\ j d 3 xF^(B)F^(B), (2.12) 

but one can easily see that something is missing by considering the particular case of spin 
s = ±.\ which corresponds to an statistical factor a = ±2tt. In order to reproduce the well 
known spin dependent magnetic coupling of a charged spin one half particle one has to add, 
together with the minimal coupling to the spinless particle, a direct coupling to the CS 
field, i.e., an additional contribution J^(B) to the statistical current in (2.7) depending on 
the electromagnetic field. The conservation of the current, as required by gauge invariance, 
forces to use the operator e fipu d p in the new contribution to the statistical current and then 
all the associated effects will reduce to a local coupling. The requirement to reproduce the 
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electromagnetic magnetic moment [x em = ±^ for s = ±^ fixes completely the coupling 
of both gauge fields 

J d 3 xJ»(B)A» = -±-± J d 3 xF, u (A)F^(B). (2.13) 
As a consequence of this coupling one has 

e 

A*em = — S, (2.14) 

m 

i.e. an electromagnetic gyromagnetic ratio g = 2 for any spin and also higher derivative 
spin dependent couplings 

The only remaining spin dependent effect appears in the effective action for the elec- 
tromagnetic field which takes the form 

I eff (B) = I M {B) + (^)(f^ / d^e^F^F^ + O(^). (2.16) 
2.b) Fermionic anyons. 

As a second example of a quantum mechanical formulation of an anyon system, one 
can take as starting point the path integral formulation of a spin one half particle. An- 
ticonmuting variables are used to describe the spin degrees of freedom and the action is 
fixed by local supersymmetry [22-23]. When a minimal supersymmetric coupling to a 
CS field is included, the effective action after integration over the anticonmuting variables 
gives two contributions, corresponding to the spin plus and minus one half components, 
which can be reduced to the general form (2.1) with 

J± =j M ±^- e ^dff. (2.17) 

The original spin degrees of freedom induce a magnetic statistical moment /i s t = ± 
The local supersymmetry of the action does not allow in the present case to introduce 
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a magnetic statistical coupling at the beginning unless one goes beyond the standard 
lagrangian formulation including higher derivatives of the statistical field. The value of 
Ust is directly connected to the gyromanetic ratio of a spin one half particle, which in the 
present formulation is a direct consequence of the local supersymmetry of the action. 

The general discussion of the bosonic anyon formulation can be translated directly to 
the fermionic case with the only difference that the statistical magnetic moment, which 
in the previous case was arbitrary, is now fixed, fj, s t = On the other hand the spin 

induced by the coupling to the CS field, identified from the coefficient of the diagonal 
statistical interaction (f-), has to be added now to the original spin ±|. 

The first step in the introduction of the electromagnetic field in this case is to couple it 
to the spinning particle in a supersymmetric way which, after integration over the fermionic 
degrees of freedom, leads to 

/± = It + e J d 3 xJ±B» + I M (B), (2.18) 

where is a particular case of the general action of the CS anyon system with the current 
J^r as the statistical current. 

Once more one can see that this is not the final answer by considering the case a = —2n 
( a = 2n) in the action I + which corresponds to a spinless system obtained from the 
fermion. A magnetic coupling to a scalar field is forbiden by renormalizability.If one wants 
to get n em = at the level of quantum mechanics an additional contribution to the 
electromagnetic magnetic moment is required and the only remaining possibility is to add 
a contribution to the statistical current involving the electromagnetic field, i.e., a direct 
coupling of both gauge fields. In the fermionic formulation the CS field can be thought 
together with the anticonmuting variables as a way to describe the spin degrees of freedom 
of the system. Since the local supersymmetry of the spinning action leads to consider a 
coupling of the electromagnetic field to the anticonmuting variables, it is natural to have at 
the same time a coupling of the electromagnetic field to the CS field. This coupling can be 
determined from the electromagnetic moment analysis and it coincides with the coupling 
required in the bosonic formulation, finding once more a gyromagnetic ratio g = 2 for the 
(fermionic) anyon for any spin. 
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3. The Electromagnetic Interaction of Anyons from a General Point 
of View. 

The problem of the electromagnetic interaction of anyons involves two gauge fields: 
the statistical field and the electromagnetic field B^. If at the begining we see both 
of them at the same level (the coupling required in the quantum mechanical discussion 
points in this direction) we will understand the problem in a more general way. From this 
point of view we have to consider the construction of a U(l)xU(l) gauge theory coupled 
to a matter field trough a conserved current. Then we will start with a lagrangian 

= £gauge(Ai, A 2 ) + QiJ^A^ + C ma tteri (3-1) 

where A% (i=l,2) are the two gauge fields coupled to the matter field through the conserved 
current J M with charges q\ and C gauge is the most general lagrangian for the fields Ai in 
2+1 dimensions. It will involve two independent quadratic forms 

C 9 auge{Ai, A 2 ) = ctij £ C s{Ai, Aj) + faj £ M (Ai, Aj) , (3.2) 

where 

CcsiA^Aj) = i^Vp^Aj, 

Cm^Aj) = -- A F^{Ai)F^{A 3 ). (3.3) 

Of course we can perform a linear transformation in the fields Ai to diagonalize simul- 
taneously the two quadratic forms. So we can consider without lost of generality a gauge 
lagrangian 

C gauge (A u A 2 ) = a l C CS (A l ,A l ) + fa C M (A ll A t ). (3.4) 

What can we say about and fa ?. First Igauge = f d 3 x£ gauge must be bounded from 
below and this implies for the Maxwell quadratic form to be positive definite, that is, fa > 0. 
On the other hand we want only one statistical field A; otherwise one would not recover 
the standard electromagnetic interaction. Therefore only one linear combination of the 
two fields Ai can appear in the CS like terms, i.e., a 2 = and A = A\ up to normalization 
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factors. In this way we have identified the statistical field without ambiguity. What about 
the electromagnetic field?. All we can say is that it must be a linear combination of the 
fields Ai independent of A, that is B — A2 + 7A1 again up to normalization factors. The 
parameter 7 reflects the ambiguity in determining the electromagnetic field and it fixes how 
the electromagnetic U(l) interaction is embeded into the original U(l)xU(l) symmetry. 
In terms of the fields A M and _B M the gauge lagrangian will be 

Cgauge = aC CS (A, A) + b st C M (A,A) + b em C M (B,B) + cC M (A,B), (3.5) 

with 



a = ax, b st = Pi + 7 2 /3 2 , b em = (3 2 , c = -2j/3 2 - (3.6) 

Therefore, although we can diagonalize the gauge action in general we will have to 
consider the possibiblity of an interaction between the statistical and electromagnetic fields 
through a Maxwell like term. From this point of view the result of the previous section was 
a determination of this interaction ,i.e., an identification of the way the electromagnetic 
interaction is inside the total U(l)xU(l) gauge interaction through the analysis of the 
magnetic interaction of the anyon system. If one uses the remaining rescaling freedom of 
the fields to get b em = 1 and q s t = 1 then the gauge field lagrangian in (3.5) reproduces 
the gauge field lagrangian identified in section 2 when 

a = - , & flt =-— , c=- . 3.7 

a Ma 2tv m 

Let us finish this section with some remarks about C gauge and the distinction between 

A and B. We know that in relativistic quantum field theory there will be matter fluctuations 

associated to the creation and anihilation of particle-antiparticle pairs which generate 

radiative corrections to the gauge lagrangian. Therefore, at the level of relativistic quantum 

field theory we have to think of C gauge as the bare lagrangian while in the other cases 

(quantum mechanics and non-relativistic quantum field theory) C gauge will include the 

effect of the radiate corrections which are not incorporated in these approximations. Of 

course one has to consider only the corrections to the terms already present in the original 
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lagrangian (that is, quadratic in the fields and with no more than two derivatives). This 
means for example that (in both cases, bosonic and fermionic) there will be corrections for 
the kinetic Maxwell term for both fields and A^. The correction for the electromagnetic 
field will just translate into a redefinition of the electric charge. However, in the case of 
the statistical field it implies a positive redefinition of the topological mass M of the order 
of the mass of the particle m 



1 


1 




1 1 






+ 




M ~ 


Mo 


247r m 


1 


1 




1 1 






+ 




M ~ 


Mo 


127T m 



(3.8) 



for the bosonic and fermionic case respectively, where Mq is the bare topological mass. 
This effect prevent us to take the ideal limit M — > oo while keeping the particle mass 
finite. This means that one can only have an anyon at large distances compared with 
— , where the CS term for A will dominate over the Maxwell term. Note that this limit 
is consistent with the validity of the quantum mechanical and nonrelativistic field theory 
approximations. 

At the same level there will be corrections to the Maxwell interaction between and 
and therefore the coupling determined at the level of quantum mechanics includes the 
effect of radiative corrections. This means that the coupling at the level of the relativistic 
quantum field theory lagrangian will not be the same. 

What about the CS like terms? The same discussion can be applied to this case. In 
the bosonic case, due to the parity invariance of the free theory, there will be no correction 
induced at this level from radiative corrections and C gauge will coincide at all levels. In 
the fermionic case, the redefinition of the CS like terms induced by radiative corrections is 
a regular ization dependent effect. 

4. Non-Relativistic Field Theory of Anyons. 

4 -a) From quantum mechanics to non — relativistic field theory. 
The most direct approach to the non-relativistic field theory formulation of an anyon 
system is based on the identification of a non-relativistic lagrangian which, when restricted 
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to the one particle sector, reproduces the quantum mechanical formulation of the electro- 
magnetic interaction of anyons. The most natural formulation, the fermionic one, leads 
to consider a particle coupled to two fields, a CS field and an electromagnetic field, with 
a spin dependent magnetic coupling corresponding to fi s t = o — and \x em = — s. At the 
level of quantum field theory the fermionic anyon formulation translates into a lagrangian 
with an anticonmuting field $ coupled to a CS field 



C an = <S>+iD $ - -^$+D 2 $ + ^-<f> + [D u D 2 ]<f> + ^e^pA^A?, (4.1) 
2m 2m 2a 

where = <9 M — iA^ is the covariant derivative involving the statistical field. The sum 
of the first two terms in (4.1) is the standard non relativistic lagrangian whose Euler- 
Lagrange equation is the Schroedinger equation minimally coupled to a field A^ and the 
third term is necessary in order to reproduce the statistical magnetic moment /i s t = 
when considering the one particle sector. The presence of a non-minimal magnetic coupling 
is in agreement with previous work. 

Recently the non-relativistic (bosonic) field theory for the second quantized N-body 
system of point particles with Chern-Simons interactions has been constructed [24] . It 
includes a quartic interaction which alternatively can be understood as a magnetic field- 
charge density interaction whose intensity can be fixed in order to render the system self- 
dual allowing to identify regular, static classical soliton solutions [25] . The lagrangian (4.1) 
seems to be the fermionic version of this construction and the magnetic term introduced to 
render the system self-dual is nothing but the field theoretic translation of the statistical 
magnetic moment /i s t = identified in the quantum mechanical treatment t. 

In a related work the possibility to include a self-interaction in the second quantized 
bosonic hamiltonian of anyons which takes care of operator ordering and operator product 
singularities has been considered [27]. When the self interaction is fixed in order to 
reproduce the spectrum of the two anyon system in the background of a uniform magnetic 

t Note that the specific value of the magnetic interaction which renders the system 
self-dual corresponds to a supersymmetric hamiltonian [26]. We thank A. Comtet and R. 
Iengo by drawing our attention to this reference. 
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field one finds that a repulsive local interaction is required with the same intensity as the 
local atractive interaction induced by the statistical magnetic moment /j, st = ^ in the 
fermionic formulation. 

Once the non-relativistic field theoretic version of the quantum mechanical fermionic 
anyon system has been identified one can try to include the coupling to the electromag- 
netic field at this level. The first step corresponds to add the Maxwell lagrangian for the 
electromagnetic field and to include the electromagnetic field in the covariant derivative 
which appeared in C an , — > = — iA^ — ieB^ . This reproduces, in the one 
particle sector, the result of a minimal supersymmetric coupling in the spinning particle 
leading to jJL s t = ^ ? A*em = ^ f° r an y s Pi n - Once more if one wants to reproduce the 
absence of an electromagnetic magnetic coupling in the spinless case a modification of the 
lagrangian is required. Since the second quantized formulation reproduces the quantum 
mechanical discussion in the one particle sector we can use directly the results in section 
2. The conclusion is that one should add a direct coupling between the statistical and 
the electromagnetic fields as given by (2.9) and the non-relativistic fermionic field theory 
lagrangian for the anyon system in the presence of the electromagnetic field is 



2m 2m 

+ ^e^ p A^Af - -F^{B)F^{B) - -L^F^(A)F^(B), (4.2) 
la 4 o7T m 

with T>n = <9 M - iA^ - ieB^. 

The non-relativistic field theoretic version of the quantum mechanical anyon system 
can be obtained along the same lines and the only difference is that the matter field $ 
satisfies canonical conmutation relations in this case and that the magnetic term involving 
the statistical field D 2 }^ would have an arbitrary coefficient corresponding to the 

arbitrariness in n st in the bosonic quantum mechanical discussion. 

4-b) Non — relativistic limit of relativistic quantum field theory. 

Another approach to the non-relativistic field theory of anyons is based on the iden- 
tification of the field theoretical version of the relativistic anyon system followed by a 
non-relativistic approximation. A relativistic quantum field theory formulation of anyons 
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presents additional problems, associated to the non localized character of the statistical cur- 
rent, which make the identification of operators associated to the fractional spin-statistics 
excitations still an open question [28]. This is the reason why a discussion of anyons in 
a relativistic quantum field theoretic formulation presents ambiguities at a fundamental 
level. The basic formulation is based on a scalar or a fermionic field minimally coupled to 
a CS field. Recently it has been shown [29] that a one loop perturbative analysis of the 
statistical field fluctuations generates a magnetic coupling to both the statistical and elec- 
tromagnetic fields. This coupling leads, at the level of Green functions of the elementary 
fields, to a gyromagnetic ratio g = 2; it is not clear for us how this result is related with the 
gyromagnetic ratio of an anyon. We think this is the explanation why the statistical mag- 
netic moment induced by radiative corrections fj, st = differs from the anyon statistical 
magnetic moment identified in the quantum mechanical discussion fj, st = ^— for any spin. 
The same criticism applies to the analysis of short range interaction as deduced from the 
two-particle scattering amplitude in relativistic quantum field theory and its relation to 
the short range interaction between anyons induced by the statistical magnetic moment. 

One can formally reproduce the fermionic anyon discussion of quantum mechanics 
starting from the Dirac action with a statistical gauge field and defining a current J M by 

*7 M * = J M + ^wvd p J", (4.3) 

Note that the effective statistical current J M is a non-local expression in terms of the 
fundamental fields as expected for the anyon current 

Mx) = j d 3 yG^(x,y)<j>YV(y), (4.4) 



with 

+ 2m '"'"O.r 



(9^ + ^-e^^-)G^(x,y) = S°5 3 (x-y), (4.5) 



-■p 

but we do not know what are the consequences of this formal connection of the quantum 
mechanical and relativistic quantum field theory formulations. 

One can go further in this connection by going to the non-relativistic limit and con- 
sidering a sector with a given number of particles. In order to do that one first factor izes 
the dominant time dependence of the Dirac field \& 
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^ = e -imtQ = e -imt I^Xy ( 4 _g) 

and using the 2+1 dimensional representation of the Clifford algebra 

the Dirac action coupled to the statistical field reads 

C D = *r^(<9 M - L4 M )* - to** = 

= xiDox + V (-iDo -2m)r] +X (~D 1 + iD 2 ) 7] + fj (-D 1 - iD 2 ) X , (4.8) 

From this expression one can identify the combinations 



r]' = 7] + (iD + 2m) 1 (D 1 + iD 2 ) x 

fj' = fj + X (Di - iD 2 ) (iD + 2m)- 1 (4.9) 
which diagonalize the Dirac action 

C D = XiDox + x(Di- iD 2 ) (iD + 2m)" 1 (D 1 + iD 2 ) x + ff (-iD - 2m) r( . (4.10) 

In the non-relativistic limit one can consider a smoth time dependence for Xi v' an d 
assuming \A \ <C 2m one has 



C N . R . » XiDox + ^x(D 1 -iD 2 )(D 1 + iD 2 ) X - 2m fj' v' + C eff (A), (4.11) 

where £ e / / (A) is the original action of the statistical field plus the effect of the quantum 
fluctuations of the matter field which include a renormalization of the statistical factor. 

At this level the variable r\' trivially factorizes and one gets the non-relativistic la- 
grangian for the anticonmuting field x which using the identity 



(£>i - iD 2 ) (£>! + iD 2 ) = D 2 + i[D u D 2 ], 
15 



(4.12) 



can be identified as the sum of the naive non-relativistic lagrangian minimally coupled to 
the statistical field plus a magnetic term with fj, st = Then the non-relativistic limit of 
the relativistic quantum field theory action reproduces the result previously derived from 
the quantum mechanical fermionic formulation. 

In the presence of the electromagnetic field the relativistic lagrangian will be 

C R = y(0 + 4+e$-m)V + £(A,B), (4.13) 

where C(A, B) is the more general renormalizable gauge invariant action for two fields 
as discussed in section 3. One can repeat the derivation of the non-relativistic limit by 
including the electromagnetic field in the covariant derivative. Let us assume a lagrangian 
C(A, B) for the two fields such that when the matter field quantum fluctuations are in- 
cluded one obtains 



C ef f(A,B) » l-e^AWA' -1-L F ^ A ) F ^B) - \f, v {B)F^{B) 

- 7— jrr F tlu (A)F fliy (A) + higher derivative terms, (4.14) 
4 aM 

which is the two field lagrangian required at the quantum mechanical level. One can repeat 
the derivation of the non-relativistic lagrangian including the electromagnetic field and the 
result in [15-16] is obtained as a direct consequence of the gauge invariant coupling of the 
fields A and B in the relativistic lagrangian. The only part which is not understood at 
this level is what is the principle (symmetry) which fixes the required two gauge field 
lagrangian. 

The magnetic term induced by the coupling of the CS and electromagnetic fields in 
C e f f can be easily identified if one introduces the combination 

K = K~ ~^-^ P d v BP, (4.15) 

which diagonalizes C> e ff (up to higher derivative terms). This redefinition induces a mag- 
netic coupling of the electromagnetic field and the matter current J M 

16 



J (fxJ^ = J d 3 xJ^A" + J d 3 xJ^e^ p d v B p , (4.16) 

This argument can be applied whenever the coupling to the statistical field is linear 
in the CS field, as in the quantum mechanical discussion, and it can also be applied to the 
relativistic quantum field theory lagrangian where after using the identity 



W7 M = |[7^7p] = 0Vp, (4-17) 

one has 



C R = q(i$ + 4 + e$-m)q + —^a^F^(B) +C(A,B). (4.18) 

We can identify a Pauli magnetic interaction as a consequence of the redefinition of 
the statistical field giving an anomalous magnetic moment contribution which in the non 
relativistic limit leads to \i em = + ^). 

An attempt to extend the bosonic anyon formulation starting with a relativistic quan- 
tum field theory is based on a complex scalar field coupled to a CS field. The gauge invari- 
ant renormalizable lagrangian contains new parameters associated to the self interaction 
of the scalar field with no analog in the fermionic formulation. In the non-relativisitic limit 
the self coupling translates into a local quartic term which using the equations of motion 
of the CS field can be alternatively represented as a magnetic coupling. The arbitrariness 
of the quantum mechanical bosonic formulation in fi st reappears once more in field theory 
through the self coupling of the scalar field. 

5. Conclusions and Outlook 

A detailed discussion of a relativistic anyon system at the quantum mechanical level 
has been presented. The non-trivial dynamical effects associated to a statistical magnetic 
moment have been identified in a bosonic and in a fermionic formulation. The resulting 
local interactions, which differ from previous analysis in relativistic quantum field the- 
ory, can be very important for the study of a pairing anyon mechanism and its possible 
application to superconductivity. 
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The introduction of the electromagnetic field in the CS construction has been studied 
including the determination of a direct coupling between both fields in order to obtain a 
consistent spin dependence of the electromagnetic interaction at the quantum mechanical 
level. Together with a non trivial spin dependence of the effective action of the electro- 
magnetic field, the main result is that an anyon has a gyromagnetic ratio g=2 for any 
spin. This result seems to be a non-trivial generalization to a two dimensional system of 
a result obtained recently [30] in three spatial dimensions, where it has been found that 
at tree level g—2 is the natural value for the gyromagnetic ratio for any spin (integer and 
half integer) in order to have a smooth massless limit which is behind the unitarity of the 
tree level scattering amplitude. This suggests a possible derivation of the anyon magnetic 
moment from first principles. 

The non-relativistic lagrangian corresponding to the second quantized fermionic for- 
mulation which reproduces in the one particle sector the quantum mechanical treatment 
of a fermionic anyon system has been identified. It includes a non-minimal coupling to 
the statistical and electromagnetic fields and a direct coupling between both fields as new 
ingredients with respect to previous formulations. The identification of these new terms 
is the main result of this paper. An explicit derivation of the non minimal coupling as a 
result of the non-relativistic reduction of the Dirac lagrangian with a minimal coupling to 
both fields has been presented. 

The implications of the new terms in the non-relativistic quantum field theoretical 
lagrangian of the anyon system presented in this paper, when considered as the lagrangian 
of the effective theory of the fractional quantum Hall effect as well as a starting point for 
the study of anyon superconductivity, deserve further investigation. 
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